ABSTRACT. Using methods of categorical fuzzy topology, the paper shows a relation between topological systems of S. Vickers and Artin glueing of M. Artin. Inspired by the problem of interrelations between algebra and topology, we show the necessary and sufficient conditions for the category, obtained by Artin glueing along an adjoint functor, to be (co)algebraic and (co)monadic, incorporating the respective result of G. Wraith. As a result, we confirm the algebraic nature of the category of topological systems, showing that it is monadic.
Introduction
It is a widely accepted observation that one of the greatest scientific achievements of the last century is the notion of (L-)fuzzy set introduced by L. A. Zadeh [70] and J. A. Goguen [24] . The concept (almost) immediately started a new line of research coined as fuzzy mathematics. In particular, a fuzzy approach to topology was developed, placing it among the forerunners of the emerging science. The motivating push was given in the late 60's and 70's by the celebrated papers of C. L. Chang [13] , J. A. Goguen [25] and R. Lowen [39] , initiating the theory of fixed-basis fuzzy topological spaces, pursued later on by various researchers [26, 27, 28, 35] . Using a point-free framework similar to localic theory, B. Hutton [29] proposed the first variable-basis approach, obtaining a variablebasis category of singleton topological spaces. In 1983 S. E. Rodabaugh [48] introduced the first variable-basis category for topology in which the underlying sets of the spaces were non-singletons. The new notion induced a whole bunch of results on its properties [17, 18, 49, 51] . In particular, the papers of P. Eklund [20, 21, 22] dated to the mid 80's began the first study of the categorical properties of variable-basis topology, giving birth to categorical fuzzy topology. The approach got its culmination in 2007, when S. E. Rodabaugh [53] successfully presented a nice categorical framework capable of incorporating many of the existing (at that time) topological theories and based on algebraic theories of E. G. Manes [42] , which in their turn provide another description of monad.
Quite recently a new chapter in the story was opened, when some researchers revealed a significant drawback of the existing theories, namely, reliance of each of them on a particular algebraic structure, e.g., semi-quantale [53] , quantale [55] , frame [33] , etc. Notwithstanding the fact that some of the structures were closely related (e.g., every frame is a quantale and every quantale is a semi-quantale), the approaches still pursued their own paths and there was no way of moving between them. A common framework capable of incorporating in itself the existing machineries was desperately needed. Motivated by this problem, in 2008 we have come out with a possible solution. Seeing that each of the above-mentioned theories actually relies on a particular category of algebraic structures, we decided to replace the above-mentioned semi-quantales, quantales, frames, etc. with algebras from an arbitrary variety [64, 66] . The approach, however being simple, appeared very fruitful. Moreover, an additional advantage of the idea is the possibility of uniting various (at first sight entirely unrelated) concepts under one roof. Interestingly enough, the latter property was not sufficiently clear until the notion of topological system was taken into account, providing the newly invented machinery with its real power.
Introduced by S. Vickers [68] , topological systems provide a single framework for treating both topological spaces and their underlying algebraic structureslocales (studied thoroughly by P. T. Johnstone [33] ). More precisely, the category of locales (topological spaces) is isomorphic to a (co)reflective subcategory of the category of topological systems. There were several attempts to get a similar result, replacing topological spaces by their fuzzy counterparts. The most significant ones are due to J. T. Denniston, S. E. Rodabaugh and C. Guido [18, 27] , who considered functorial relationships between lattice-valued topology and topological systems. The conclusion was that using fuzzy topology on one side, one needs fuzzy topological systems on the other. Developing the idea further, [17] introduced the concept of lattice-valued topological system over locales, significantly simplifying some results of [18] . For example, the category of latticevalued topological spaces is easily embeddable into the category of lattice-valued TOPOLOGICAL SYSTEMS AND ARTIN GLUEING topological systems. Motivated by these results as well as keeping in mind the above-mentioned trick with varieties, we introduced in [58, 63] the concept of variety-based topological system, incorporating the approaches of J. T. Denniston, et al. [17] and S. Vickers [68] . In a series of papers [59, 61, 62] we considered some properties of the new notion showing that it gives a common framework for such concepts as Chu space [46] , state property system [5, 6] and context [23] . Among other achievements, it was proved that the category of variety-based topological spaces is isomorphic to a full (regular mono)-coreflective subcategory of the category of variety-based topological systems. Moreover, in [61] we showed that a suitable restriction of the obtained adjunction provides an equivalence between the categories of state property systems and closure spaces considered in [5, 6] . The structure evolving in the process and called variety-based state property system could (possibly) reveal a new viewpoint on the Geneva-Brussels approach to foundations of physics [3, 31, 43, 45] .
It appeared that the case of varieties can not be accommodated in the abovementioned topological theories of S. E. Rodabaugh, which are based on a particular kind of algebras, i.e., semi-quantales. To fill the gap we introduced in [60] variety-based topological theories making a mixture of powerset theories of [53, Definition 3.5] and topological theories of [1, Exercise 22B] as well as using our previous results in the field [67] . With the help of the new approach we obtained a category of topological spaces which appeared to be topological over its ground category (an analogue of [53, Theorem 3.10] ). The new category for now provides the most general framework for doing fuzzy topology in, incorporating (almost) all of the existing approaches (the famous notion of (L, M )-fuzzy topology of T. Kubiak and A.Šostak [36] is temporarily excluded). Moreover, the aforesaid result on topologicity justifies the use of semi-quantales as the basic underlying structure in lattice-valued topology (the suggestion was made in [53] , causing a lot of debates). On the next step, we introduced a "natural" extension of the category in question and called it the category of topological systems. The use of the term is motivated by the fact that in the classical crisp case one gets the notion of S. Vickers. Under reasonable assumptions the new category appeared to be (essentially) algebraic over its ground category, providing an "embedding of topology into algebra" already mentioned in [58] (the new framework is much more general including, for example, the case of generalized topologies of M. Demirci [15, 16] ).
After some considerations one can easily notice that the category of topological systems is nothing else than the dual of the category Gl(U ) obtained by Artin glueing along a functor U (the category, in fact, is a particular kind of the well-known comma categories, introduced by W. Lawvere [37] in his Ph.D thesis to provide a better framework for defining adjointness). The name "Artin glueing" is in honor of M. Artin, who established sufficient conditions for it to be a Grothendieck topos [9] . The corresponding result for elementary toposes was first proved by G. Wraith [69] . One of the conditions (namely, that U should preserve finite limits) was later on weakened to preservation of pullbacks [54] . In [12] the modified condition was proved to be necessary as well. Moreover, [32] considered relationships between categories of coalgebras and categories obtained by Artin glueing. In this paper, however, we dwell upon a different topic related to the above-mentioned embedding of topology into algebra. Assuming that the functor U is adjoint, we show the necessary and sufficient conditions for Gl(U ) to be (co)algebraic and (co)monadic as well as consider some consequences of the latter property, e.g., being complete, cocomplete and locally presentable. It is important to notice that our condition of comonadicity includes the respective result of G. Wraith [69] as a special case. We end the paper by showing the sufficient conditions for Gl(U ) to be an (Epi, ExtrMono-Source)-category as well as consider the dual of the latter property. The relevance of the results is (at least) twofold. On one hand, we finally confirm algebraic behavior of the category of topological systems showing that the category in question is monadic. Moreover, existence of coproducts of the underlying algebras of systems provides the structures with a coalgebraic flavor, posing the question on their real nature: algebraic or coalgebraic. On the other hand, we hope to stimulate the study of the category of topological systems using methods of categorical fuzzy topology, which have already proved their efficiency in fuzzy mathematics.
The necessary categorical background can be found in [1, 2, 40, 42] . For algebraic notions we recommend [14, 42] . Although we tried to make the paper as much self-contained as possible, some details are still left to the reader.
Algebraic preliminaries
To provide the motivation for the study of Artin glueing we begin the paper recalling some definitions and results presented in [60] . In particular, this section contains the algebraic preliminaries indispensable for understanding the new notions. We start with the most important building block of our approach, namely, with the concept of algebra.
An algebra is to be thought of as a set with a family of operations defined on it satisfying certain identities, e.g., semigroup, monoid, group and also complete lattice, frame, quantale. In case of finitary algebras, i.e., those based on a set of finite operations, there exists the famous theorem of G. Birkhoff [10] representing them as varieties. This paper uses a modification of the concept suitable to include infinitary cases as well and motivated by the notions of equationallydefinable class [42] and equational category [38, 56] .
Ò Ø ÓÒ 1º
Let Ω = (n λ ) λ∈Λ be a (possibly proper) class of cardinal numbers. An Ω-algebra is a pair (A, (ω A λ ) λ∈Λ ) (denoted by A) consisting of a set A and a family of maps A
commute for every λ ∈ Λ. Alg(Ω) is the category of Ω-algebras and Ω-homomorphisms, with the underlying functor to the ground category Set of sets and maps denoted by | − |. Let M (resp. E) be the class of Ω-homomorphisms with injective (resp. surjective) underlying maps. A variety of Ω-algebras (also called a variety) is a full subcategory of Alg(Ω) closed under the formation of products, M-subobjects (subalgebras) and E-quotients (homomorphic images). The objects (resp. morphisms) of a variety are called algebras (resp. homomorphisms).
A simple instance of varieties is the backbone of topological theories of [1] .
Ò Ø ÓÒ 2º A -semilattice is a partially ordered set having arbitrary .
A -semilattice homomorphism is a map preserving arbitrary . CSLat ( ) is the construct of -semilattices and their homomorphisms.
More sophisticated examples are given by the constructs Frm, SFrm and SQuant of frames, semi-frames and semi-quantales (popular in lattice-valued topology) [53] . For convenience of the reader as well as to feel free in using it throughout the paper, we recall the definition of the latter variety from [53] .
Ò Ø ÓÒ 3º A semi-quantale (s-quantale for short) is a -semilattice equipped with a binary operation ⊗. An s-quantale homomorphism is a -semilattice homomorphism preserving ⊗. SQuant is the construct of s-quantales and their homomorphisms.
The crucial advantage of the new concept is that it incorporates the majority of the lattice-like structures currently used in the fuzzy topology, e.g., the aforesaid constructs Frm and SFrm are subcategories of SQuant. On the other hand, being sufficiently general, the structure in question is not so extensively studied as its luckier counterpart quantale, which is characterized by two additional properties, namely, associativity of ⊗ and its distributivity over from the right and from the left ( [44, 55, 65] ; we especially recommend a very comprehensive survey of [34] ).
From now on we fix a variety A and use the following notations [18, 51, 53] . The dual of the category A is denoted by LoA (the "Lo" comes from "localic"). Its objects (resp. morphisms) are called localic algebras (resp. homomorphisms). Given a morphism f of a category C, the respective morphism of C op is denoted by f op and vice versa.
An essential part of our approach (just as in the classical case of [51] ) are the so-called image and preimage operators. Given a map X f − → Y , there exist the traditional image and preimage operators on the respective powersets P(X) [70] . On the other hand, every homomorphism A
An important property of the newly defined maps is contained in the next lemma [66] .
On the variable-basis side everything goes similarly. Suppose we are given a Set × LoA-morphism (recall our dual category notation) (X, A) [50, 52, 53] .
There exists the Rodabaugh (variable-basis) preimage operator
Quite recently M. Demirci proposed a nice generalization of variable-basedness in the form of generalized topological space [15, 16] . The following provides the framework for incorporating his approach. 
The reader should be aware that Set LoA provides the free coproduct completion [19] of LoA, i.e., A nice relation between the categories Set×LoA and Set LoA is also available.
Ä ÑÑ 7º There exists a non-full embedding
Having the ground category in hand, we proceed to define the respective powerset operator. For convenience sake (as well as to be in line with the already existing concepts in the fuzzy community), we introduce a new notation, namely, given a family of localic algebras (A x ) x∈X , we denote their product x∈X A x by A X and consider it as the set of choice functions on X, i.e., maps
Ä ÑÑ 8º There exists a functor Set LoA
ÓÖÓÐÐ ÖÝ 9º There exists a functor Set × LoA
Compose the embedding of Lemma 7 with the functor of Lemma 8.
Corollary 9 gives back the above-mentioned Rodabaugh preimage operator.
Variety-based topological theories
Everything is now on its place to introduce the promised variety-based topological theories [60] . Recall from Introduction that we are making a mixture of powerset theories of [53, Definition 3.5] and topological theories of [1, Exercise 22B] as well as using our previous paper [67] . Ò Ø ÓÒ 10º A variety-based topological theory in a category X is a functor X T − → LoA. For each variety-based topological theory T in X denote by Top(T ) the concrete category over X whose objects (called variety-based topological spaces) are pairs (X, τ ) with X an X-object and τ a subalgebra of T (X) (called variety-based topology on X), and whose morphisms (
The underlying functor to the ground category X is defined by
The reader should keep in mind that from now on, T will always denote a variety-based topological theory in a category X. Several examples show that the framework is sufficiently general to accommodate a lot (in fact almost all) of the existing approaches to fuzzy topological structures.
Example 11. Given a subcategory C of LoA, the restriction Set×C [64] . In particular, given an algebra A, the subcategory C A of LoA consisting of the identity morphism A 1 A − − → A gives rise to the fixed-basis approach of [66] , motivated by the respective theory of U. Höhle, A.Šostak and their collaborators [28] .
Example 12. In case of variety SQuant of s-quantales, Definition 10 provides q(uasi)-topological theories of [53, Definitions 3.4, 3.5, 3.7] . Since they include a lot of well-known categories, our approach incorporates them as well. [15, 16] .
The reader should notice that the variety of closure lattices introduced in [60] provides a way for including the case of closure spaces [5, 6] . Moreover, an important property of the category Top(T ) is contained in the next theorem, whose proof is based on a generalization of the standard result of classical (and fuzzy) topology that continuity of a map can be checked on elements of a subbasis.
Ò Ø ÓÒ 14º
Given an algebra A and a subset S ⊆ A, S denotes the smallest subalgebra of A which contains S. Given a space (X, τ ), a subset S ⊆ T (X) is a subbasis of τ provided that τ = S . 
Notice that a similar result for the particular instance of the category Top(T ) given in Example 11 has already been proved by us in [64, Proposition 3.4] . Theorem 15 presents the achievement in its full generality. In particular, it follows that all categories of the form Top(T ) generated by the above-mentioned examples of topological theories are topological over their ground categories.
From topological spaces to topological systems
Up to now we were keeping in line with the existing results on topological theories. In this section we will make a step beyond the already considered frameworks. In one word, we are going to show an extension of the category Top(T ) which (strikingly enough) will give us a generalization of the well-known concept of topological system [68] briefly discussed in Introduction. The approach is motivated by the alternative description of the structure provided by J. T. Denniston et al. in [17, Definition 33] .
Ò Ø ÓÒ 16º Given a topological theory X T − → LoA, TopSys(T ) is the category, the objects of which (called variety-based topological systems) are triples (X, A, κ), where X is an X-object, A is a localic algebra and
commute (called continuity). The underlying functor to the ground category
Easy calculations show that TopSys(T ) is a category. Moreover, the following examples relate the new concept to the already existing ones in the literature. Example 18. In case of A being the construct Frm of frames [33, 47] , the functor of Example 17 gives rise to the category of lattice-valued topological systems in the sense of J. T. Denniston et al. [17] . In particular, the functor
where 2 = {⊥, } is the two-element locale (cf. Example 11; also notice the use of the standard Loc instead of LoFrm), provides the classical approach of S. Vickers [68] .
The two examples mentioned still do not look very convincing in justifying the passage from locales to arbitrary algebras. The real reason for so doing was given quite recently in [60, 61] , where we showed that a particular subcategory of Top(T ) provides a framework for the concept of state property system introduced by D. Aerts [4] to serve as the basic mathematical structure in the GenevaBrussels approach to foundations of physics (the structure was further developed into the notion of state context property system [7, 8] providing a framework for studying concepts arising in human mind; the approach can model an arbitrary combination of concepts by making use of the standard quantum mechanical procedure to describe the combinations of quantum entities). This example reveals the true power of our approach, showing that it is capable of uniting concepts from quite different areas of nowadays science (physics is certainly not a subdivision of mathematics).
It is time now to introduce a useful machinery for the new framework. The motivation for it was given by the result of S. Vickers [68, Theorem 5.3.4] providing a spatialization procedure for topological systems, i.e., a way of moving from systems to spaces. More precisely, the category of topological spaces is isomorphic to a coreflective subcategory of the category of topological systems. Half of the result was obtained in [17, Theorem 64] embedding the category of lattice-valued topological spaces into the category of lattice-valued topological systems. In [63, Corollary 4] we extended the result of S. Vickers to the theory T of Corollary 9. It is the purpose of the rest of this section to present a generalization of the above-mentioned procedure for an arbitrary topological theory. We begin by showing a way of going from spaces to systems [60] .
Ä ÑÑ 19º There exists a full embedding Top(T )
E / / TopSys(T ) given by E((X 1 , τ 1 ) f − → (X 2 , τ 2 )) = (X 1 , τ 1 , ι 1 ) (f,T f ) − −−− → (X 2 , τ 2 , ι 2 ), where ι i is the inclusion τ i / / T (X i ) and (T f) op stands for the restriction τ 2 (T f) op | τ 1 τ 2 − −−−−− → τ 1 .
TOPOLOGICAL SYSTEMS AND ARTIN GLUEING
P r o o f. The only real challenge is verification of fullness. Suppose we are confronted with a continuous (
Lemma 19 justifies our remark at the beginning of the section that TopSys(T ) is an extension of Top(T ). Now it is time to go back from systems to spaces.
Ä ÑÑ 20º There exists a functor TopSys(T )
The notation "Spat" is due to S. Vickers [68] , being the abbreviation for "spatialization". We kept it in our previous papers and decided to also follow the line in the current one. The next theorem is the main result of the section.
Ì ÓÖ Ñ 21º The functor Spat is a right-adjoint-left-inverse of the functor E.
P r o o f. Straightforward computations show that Spat E = 1 Top(T ) proving the last claim. For the first one, it will be enough to show that every system (X, A, κ) has an E-co-universal arrow, i.e., a TopSys(
commute. Almost trivial calculations provide the existence of a continuous
) is a Top(T )-morphism, making the above triangle commute. The uniqueness now is clear.
ÓÖÓÐÐ ÖÝ 22º The category Top(T ) is isomorphic to a full (regular mono)-coreflective subcategory of the category TopSys(T ).
P r o o f. In view of Theorem 21 it will be enough to show that given a system (X, A, κ), the structure map
) is a coequalizer of (π 1 , π 2 ) that proves the claim.
Corollary 22 provides the promised generalization of the classical result of S. Vickers, incorporating our previous approach to the topic as well. The new version of proof is much easier, at the same time providing a wider field of applications (e.g., the above-mentioned approach of M. Demirci [15, 16] ). In particular, the equivalence between the categories of state property systems and closure spaces shown in [5, 6] can be obtained by restricting the above-mentioned adjunction to a particular subcategory of TopSys(T ) (see [60, 61] for details).
Localification of topological systems
Up to now we were recalling already known results for topological systems obtained in [60] . In this section we are going to present a further development of the topic. Recall that the previous section presented a generalization of the spatialization procedure for topological systems of S. Vickers [68] . There exists another machinery coined by him as localification of systems [68, Theorem 5.4.3] . It shows a way of moving from systems to locales implying that the category of the latter structures is isomorphic to a reflective subcategory of the category of systems. We have already touched this issue in our previous papers on the topic, initiating a possible approach for the category TopSys(T ) obtained from the theory of Corollary 9. The solution was rather simple, namely, we introduced a modified category of systems, embedding into it the category A×LoA as a full reflective subcategory. Being still unable to generalize the achievement for more general T , we present here a simpler solution instead. The results below are based in [12, Lemma 4.7, Lemma 4.10, Lemma 4.11] adapted for our framework.
Ä ÑÑ 23º There exists a functor TopSys(T )
Loc − − → LoA defined by the formula
Loc is the composition of the underlying functor TopSys(T )
The notation "Loc", being the abbreviation for "localification", stems from S. Vickers [68] again. Notice that the functor does not really provide a proper localification, i.e., some parts of the underlying structure may be hidden in X. On the other hand, under certain assumptions there exists a way back to systems.
Ä ÑÑ 24º If X has an initial object I and X

T − → LoA preserves it, then there exists a full embedding
P r o o f. Since T (I) is a terminal object in A, every localic homomorphism
proving correctness of E on morphisms. Other functorial properties are easy.
Ì ÓÖ Ñ 25º The functor Loc is a right-adjoint-left-inverse to E.
P r o o f. Easy calculations show that every topological system (X, A, κ) has an E-co-universal arrow E Loc(X, A, κ)
The second claim is clear.
ÓÖÓÐÐ ÖÝ 26º
If X has an initial object I and X
T − → LoA preserves it, then the category LoA is isomorphic to a full coreflective subcategory of TopSys(T ).
The framework of Example 17 satisfies the requirements of Corollary 26 since (∅, 1), with ∅ the empty set and 1 the one-element algebra, is initial in SERGEY A. SOLOVYOV
Set×LoA and (∅, 1)
← ∼ = 1 is initial in LoA. An experienced reader will notice, however, the existence of (at least) one more functor.
Ä ÑÑ 27º There exists a functor TopSys(T )
Gr − − → X, which is defined by
P r o o f. The notation "Gr" stems from the "ground category", Gr itself being the composition of the underlying functor TopSys(T ) Ä ÑÑ 28º There exists a full embedding X E / / TopSys(T ) given by the
commute, justifying correctness of E on morphisms and its fullness (a homomorphism T (Y ) ϕ − → T (X) replacing the upper part of the above diagram will necessarily be (T f) op ), with the other functorial properties being immediate.
Ì ÓÖ Ñ 29º
The functor Gr is a right-adjoint-left-inverse to E. P r o o f. Easy calculations show that any topological system (X, A, κ) has an E-co-universal arrow E Gr(X, A, κ)
ÓÖÓÐÐ ÖÝ 30º The category X is isomorphic to a full coreflective subcategory of TopSys(T ).
The aforesaid result points out to a better behavior of TopSys(T ) w.r.t. the category X. Moreover, a suitable requirement equips Gr with a right adjoint.
Ä ÑÑ 31º If A has an initial object I, then there exists a full embedding
P r o o f. The proof is similar to that of Lemma 24, i.e., by the assumption on I,
commute and thus, E is correct on morphisms and also full, with the other properties following easily.
Ä ÑÑ 32º
The functor Gr is a left-adjoint-left-inverse to E. P r o o f. Easy calculations show that every system (X, A, κ) has an E-universal arrow (X, A, κ)
ÓÖÓÐÐ ÖÝ 33º If A has an initial object I, then the category X is isomorphic to a full reflective subcategory of TopSys(T ).
Notice that every variety based on a set of finite operations has an initial object which is either the empty set (if there are no 0-ary operations) or the term algebra [1, Example 7.2(5)].
The just proved statements have two important consequences. On one hand, they clearly show that the desired localification procedure for topological systems is still missing. On the other, the success in using some results on comma categories of [12] makes it worthwhile to apply other techniques of the field to the category TopSys(T ) as well. The latter goal, however, requires more clarity in the relations between TopSys(T ) and comma categories. The next section will shed the light on the matter.
Artin glueing
The reader should be aware of an important issue risen by Corollary 22, which eventually served as a motivation for the current paper. In [60] we proved that under reasonable assumptions (satisfied by most of the above-mentioned examples) the category TopSys(T ) is (essentially) algebraic over its ground category X × LoA, thus providing an "embedding of topology into algebra" or, in other words, showing that algebra is an extension of topology. We have already touched this issue in [58] being restricted to a particular instance of TopSys(T ) provided by Example 17. The discussion itself was initiated in [53] as the (highly non-trivial) problem of "the extent to which algebra is needed for topology or the extent to which topology is algebraic". Our current results should help to clarify the matter, showing that algebra can be "obtained from topology". An attentive reader, however, will immediately notice that the achievement is heavily dependant on the assumed algebraic nature of TopSys(T ), that in general should not always be true. The question on the necessary and sufficient conditions for the latter category to enjoy the desired property suddenly becomes of importance. It is the purpose of the rest of this paper to show the necessary and sufficient conditions for TopSys(T ) to have an algebraic flavor. To be able to use the already obtained technique we will slightly change the setting recalling one concept already well-known in the literature [32] . 
commute. The underlying functor to the ground category Y × B is defined by
Recall that comma categories were introduced by W. Lawvere [37] in his Ph.D thesis for the purpose of getting a better framework for defining adjointness. The name "Artin glueing" is in honor of M. Artin, who established sufficient conditions for the respective category to be a Grothendieck topos [9] . Moreover, there exists a nice relation of the concept to our current setting. 
Ä ÑÑ 35º
(notice that D is a contravariant functor).
TOPOLOGICAL SYSTEMS AND ARTIN GLUEING
The obtained relation, on one hand, explains the results shown in the previous section applying the technique developed for Gl(T ); on the other, it suggests a more appropriate framework for investigating the nature of the category of systems. To be more flexible, we will simplify the framework even further, assuming that the following condition is fulfilled. the condition translates into X T − → LoA being co-adjoint and that is a heavy restriction. Even in the simplest case of Example 17 the conditions for having the property should be clarified. On the other hand, the theory emerging is rather convenient and therefore deserves the attention of the reader. One should also be aware of the study of the category Gl(U ) in [12, 32] , the case there, however, being restricted to topos-like properties of the category in question. Since we are interested in quite a different area, the cited results are not directly applicable in our setting, apart from those mentioned in the previous section. The restrictions on the category Gl(U ) made so far are not strong enough to obtain the above properties and thus, we introduce additional requirements. Notice that the notations for the requirements are chosen to help the reader in understanding their nature, i.e., "EMSFA" is the abbreviation for "(Epi, Mono-Source)-factorizable". Some useful consequences of the new restrictions are assembled in the following remark [1] . We are going to show that the aforesaid requirements ensure the algebraic nature of (Gl(U ), | − |) by checking the conditions of Definition 36 in a row. The first of them does not require any restriction on the category Gl(U ) at all.
Remark 37º
ÈÖÓÔÓ× Ø ÓÒ 38º The functor Gl(U )
For the second property we need a description of | − |-generating arrows.
Notice that there exists a functor B U, 1 B
−−−−→Y × B defined by commutativity of the diagram B
U v v n n n n n n n n n n n n n n 1 B
( ( P P P P P P P P P P P P P P
Ä ÑÑ 39º Let (X, A)
(e,ϕ)
− −− → |(Y, β, B)| be a | − |-structured arrow. If e is a Y-epimorphism and the U, 1 B -structured arrow (Y, A)
(β,ϕ) − −−→ U, 1 B (B) is U, 1 B -generating, then ((e, ϕ), (Y, β, B)) is | − |-generating. P r o o f. Given Gl(U )-morphisms (Y, β, B) (r,τ ) / / (s,ψ) / / (Z, γ, C) such that |(r, τ )| • (e, ϕ) = |(s, ψ)| • (e, ϕ), r • e = s • e implies r = s. Moreover, since τ • ϕ = ψ • ϕ and U τ • β = γ • r = γ • s = U ψ • β together imply U, 1 B (τ ) • (β, ϕ) = U, 1 B (ψ) • (β, ϕ), it follows that τ = ψ.
ÈÖÓÔÓ× Ø ÓÒ 40º Suppose (ADJ), (EMSFB), (CPRD), (EMSFY) hold. Then the functor Gl(U )
The last property of Definition 36 requires two preliminary lemmas.
Ä ÑÑ 41º Suppose (EMSFB), (CPRD) hold and let (X, A) be a (Y × B)-ob-
ject. Then B has a pushout for each 2-source with codomain (A, F (X)).
P r o o f. Follows from the canonical construction of pushouts through coproducts and coequalizers (notice that Remark 37 equips B with the latter colimits). 
Ä ÑÑ 42º If (ADJ), (EMSFB) and (CPRD) hold, then a Gl(U )-morphism (X, α, A)
, it follows that r = s. The reader should be aware that we do not use the universal property of pushouts. 
Now show that ϕ is a B-epimorphism. Let
B τ / / ψ / / C be B-morphisms such that τ • ϕ = ψ • ϕ. Then (U τ • β) • e = U τ • U ϕ • α = U ψ • U ϕ • α = (U ψ • β) • e implies U τ • β = U ψ • β. Since |(Y, β, B)| (1 Y ,τ ) / / (1 Y ,ψ) / / |(Y, U τ • β, C)| are Gl(U )-morphisms with (1 Y , τ)•(e, ϕ) = (1 Y , ψ) • (e, ϕ), τ = ψ.
ÈÖÓÔÓ× Ø ÓÒ 43º If (ADJ), (EMSFB), (CPRD) and (EMSFY) hold, then the functor Gl(U )
|
− −−−→ (Y, β, B) is a (-, Mono)-factorization in Gl(U ) and therefore ψ is a B-isomorphism.
The above-mentioned propositions give rise to the following result.
ÈÖÓÔÓ× Ø ÓÒ 44º Suppose (ADJ), (EMSFB), (CPRD) and (EMSFY) hold.
Then the concrete category (Gl(U ), | − |) is algebraic.
P r o o f. Follows from Propositions 38, 40 and 43.
Strikingly enough, the next proposition states that requirements (EMSFB), (CPRD) and (EMSFY) are also necessary for the property in question.
ÈÖÓÔÓ× Ø ÓÒ 45º Suppose (ADJ) holds. If (Gl(U ), | − |) is algebraic, then (EMSFB), (CPRD), (EMSFY) hold.
P r o o f. We prove the necessity of the conditions one by one.
Since the category is algebraic there exists an (ExtrEpi, Mono-Source)-factorization of S in Gl(U ). Apply | − | to get an (Epi, Mono-Source)-factorization of S in B. With the help of Lemma 35 one can translate Theorem 46 for the category TopSys(T ). This easy task is left for the reader (see also the next subsection).
← − F (X)) is a B-coproduct of A and F (X). Suppose that T = (A
ψ 1 − − → C ψ 2 ← − − F X) is a sink in B.
Then (X, A)
(Uψ 2 •η X ,ψ 1 )
−−−−−−−−→ |(U (C), 1 U (C) , C)| is a |−|-structured arrow and therefore there exists a unique Gl(U )-morphism (Y, β, B)
(g,ψ) − −−→ (U (C), 1 U (C) , C) making the diagram (X, A) (Uψ 2 •η X ,ψ 1 ) ) ) T T T T T T T T T T T T T T T T (e,ϕ) / / |(Y, β, B)| |(g,ψ)| |(U (C), 1 U (C) , C)| commute. Then U (ψ • τ ) • η X = U ψ 2 • η X implies ψ • τ = ψ 2 and therefore ψ • T = S. Suppose ψ • T = S as well. Then |(Y, β, B)| (Uψ •β,ψ ) − −−−−−− → |(U (C), 1 U (C) , C)| is a Gl(U )-morphism and therefore U ψ •β •e = U ψ 2 •η X implies |(U ψ •β, ψ )|• (e, ϕ) = (U ψ 2 • η X , ψ 1 ), i.e.
Coalgebraic nature of Gl(U )
In the previous subsection we clarified the conditions w.r.t. algebraic nature of the category Gl(U ). Recently many researchers have turned their attention to the dual notion, namely, the property of being coalgebraic. The motivation lies mostly in computer science since coalgebras (which are the dual of algebras) turned out to be suitable as models for certain types of automata and, more generally, for (transition and dynamical) systems [30, 57] . Moreover, in [32, Section 5] some relations between coalgebras and Artin glueing are considered, based on the fact [69] that Gl(U ) can be identified with the category of coalgebras (B × Y) G , where the functor G is defined by G(A, X) = (A, X × U (A)) (the existence of the latter products is required). The authors of the paper are mostly interested in topos-like properties of Gl(U ) and that is quite off the goal of the current manuscript. We consider instead the feature of being coalgebraic, obtained by taking the dual of Definition 36. The reader should be aware that one cannot dualize the results from the previous subsection since in that case one has to consider a co-adjoint functor instead of an adjoint one. Our goal is to clarify coalgebraic nature of the category Gl(T ) in the current settings. On the other hand, an attentive reader will find a similarity between the results of this subsection and the previous one. We begin by introducing new requirements on the category Gl(U ) which will appear to be the necessary and sufficient conditions for the property in question. Since the first property of Definition 47 is proved in Proposition 38 we start with the second one. It is useful to characterize | − |-cogenerating arrows first. 
Ò Ø ÓÒ 47º
Ä ÑÑ 49º Let |(X, α, A)| (f,ϕ) − −−→ (Y, B) be a | − |-costructured arrow with ϕ a B-monomorphism, let (X, (f, α)) be a mono-source in Y. Then ((X, α, A), (f, ϕ)) is | − |-cogenerating. P r o o f. Let (Z, γ, C) (r,τ ) / / (s,ψ) / / (X, α, A) be Gl(U )-morphisms with (f, ϕ)•|(r, τ )| = (f, ϕ) • |(s, ψ)|. Then ϕ • τ = ϕ • ψ implies τ = ψ. Moreover, f • r = f • s and α • r = U τ • γ = U ψ • γ = α • s imply r = s.
ÈÖÓÔÓ× Ø ÓÒ 50º If requirements (ESMFB), (PRD), (ESMFY) hold, then the functor Gl(U )
|−| − − → Y × B is (Epi-Sink, CoGenerating)-factorizable. P r o o f. Take a | − |-costructured sink S = (|(X i , α i , A i )| (f i ,ϕ i ) − −−−→ (X, A)) i∈I and let A i ϕ i −→ A = A i τ i − → B ψ − → A be an (Epi-Sink, Mono)-factorization of (ϕ i ) i∈I .
With the help of a product of U (B) and X (U (B) ×
X, (π U (B) , π X )) get a source T = (X i Uτ i •α i ,f i −−−−−−−→ U (B) × X) i∈I in Y. Finally, let X i Uτ i •α i ,f i −−−−−−−→ U (B) × X = X i e i − → Y m − → U (B)×X be an (Epi-Sink, Mono)-factorization of T . By Lemma 49 |(X i , α i , A i )| (f i ,ϕ i ) − −−−→ (X, A) = |(X i , α i , A i )| |(e i ,τ i )| − −−−− → |(Y, π U (B) •m, B)| (π X •m,ψ) −−−−−−→ (X,Z p q / / X Uϕ•α U (C) U (ϕ•τ ) / / U (B) in Y. By (ESMFY) there exists a multiple equalizer (Z , e) of U τ • p, α • q and U ψ • p in Y. Since |(Z , p • e, C)| (q•e,τ ) / / (q•e,ψ) / / |(X, α, A)| are Gl(U )-morphisms with (m, ϕ) • (q • e, ψ) = (m, ϕ) • (q • e, τ ), ψ = τ . Now show that m is a Y-monomorphism. Let Z r / / s / / X be Y-morphisms such that m•r = m•s. Then U ϕ•α•r = β •m•r = β •m•s = U ϕ•α•s implies α • r = α • s. Since |(Z, α • r, A)| (r,1 A ) / / (s,1 A ) / / |(X, α, A)| are Gl(U )-morphisms with (m, ϕ) • (r, 1 A ) = (m, ϕ) • (s, 1 A ), r = s.
ÈÖÓÔÓ× Ø ÓÒ 53º If requirements (ADJ), (ESMFB), (PRD) and (ESMFY)
hold, then Gl(U ) 
v v n n n n n n n n n n n n n
is an (Epi, -)-factorization in Gl(U ) that implies e is a Y-isomorphism.
The above-mentioned propositions give rise to the following result. f 2 ) and thus, g = g by the uniqueness condition.
ÈÖÓÔÓ× Ø ÓÒ 54º If (ADJ), (ESMFB), (PRD), (ESMFY) hold, then the cat-
Propositions 54 and 55 together imply the main result of the subsection.
Ì ÓÖ Ñ 56º Suppose (ADJ) holds. Equivalent are:
(2) (ESMFB), (PRD), (ESMFY) hold.
(Co)monadic nature of Gl(U )
We have already mentioned at the beginning of the previous subsection that the category Gl(U ) can be identified with the category of coalgebras for a suitable comonad on B × Y [69] (existence of particular products is required). In this subsection we are going to show the necessary and sufficient conditions for the category Gl(U ) to be monadic. An immediate advantage of the obtained result is the fact that its dual version gives the respective conditions for the category in question to be comonadic, partly mentioned in [69] . Our framework, however, is more general, without any topos-like requirements on either B or Y. Notice that by [1, Theorem 23.41 ] every monadic construct is algebraic. In our case, under the assumption of (ADJ) every algebraic category Gl(U ) is also monadic (Corollary 62). For convenience of the reader we recall the definition of monadic category (cf. [ 
commute. Given a monad T on a category Z, (Z T , U T ) denotes the EilenbergMoore category of T-algebras. A concrete category over Z is called monadic provided that it is concretely isomorphic to (Z T , U T ) for some monad T on Z. Y × B)-object (X, A) . By (CPRD) there exists a coproduct of A and F (X) in B, which we will denote by 
be another Gl(U )-morphism with the same property. Then f = f , and
The next proposition shows that the functor | − | creates not only absolute but actually arbitrary coequalizers without any requirement whatsoever.
ÈÖÓÔÓ× Ø ÓÒ 60º The functor Gl(U )
The above propositions give rise to the first main result of the subsection. The required monadT = (T ,η,μ) on the category Y × B is rather simple, being defined as follows (recall that given a (Y × B)-object (X, A), S = ((µ A , µ F (X) ), A ⊕ F (X)) stands for a B-coproduct of A and F (X)):
• the natural transformation 1 Y×Bη − →T is given by (X, A)η
• the natural transformationT [1 B , β]) ). The reader should also be aware that the just constructed monad has some interesting properties, based on the following result.
ÈÖÓÔÓ× Ø ÓÒ 63º
The functor Y × BT − → Y × B preserves colimits. 
commute for every i ∈ Ob(I). The two dashed morphisms of the second diagram give the unique B-morphism Ò Ø ÓÒ 67º Let α be a regular cardinal. An object X of a category is called α-presentable provided that its hom-functor hom(X, −) preserves α-directed colimits. A category is called locally α-presentable provided that it is cocomplete, and has a set A of α-presentable objects such that every object is an α-directed colimit of objects of A. A category is called locally presentable if it is locally β-presentable for some regular cardinal β. Locally ℵ 0 -presentable categories are called locally finitely presentable categories.
Notice that the concept of a locally finitely presentable category can be viewed as a direct generalization of the concept of an algebraic lattice. For a thorough study of locally presentable categories the reader is referred to [2] . Here we will only notice that there exists an application of Definition 67 in the following form It is important to notice that in [69] a comonadic description of the category Gl(U ) was provided, given a left exact functor U between elementary topoi (the result was used in [32, Section 5] as well). We will devote the rest of the subsection to show a similar characterization in a less restrictive setting. 
ÈÖÓÔÓ× Ø ÓÒ 69º Suppose (ADJ) holds. Then the functor Gl(U )
commute. The left-hand side of the above diagram gives a Gl(U )-morphism
The above-mentioned propositions give rise to the second main result of the subsection. The easy task of writing down the explicit formulas for the comonad in question is left for the reader (one should bear in mind the above monadic approach).
Ì ÓÖ Ñ 71º
Factorization structures on Gl(U )
Previous sections showed the necessary and sufficient conditions for the category Gl(U ) to be algebraic. In particular, Theorem 46 and [1, Theorems 15.10, 23.8] imply the following result.
ÈÖÓÔÓ× Ø ÓÒ 73º Suppose (ADJ), (EMSFB), (CPRD), (EMSFY) hold. Then
Gl(U ) is an (ExtrEpi, Mono-Source)-category.
In this subsection we are interested in finding the sufficient conditions for Gl(U ) to be an (Epi, ExtrMono-Source)-category.
Notice that every (Epi, ExtrMono-Source)-category is necessarily an (ExtrEpi, Mono-Source)-category, the converse implication being not true [ Our approach is based on the following two simple but useful lemmas.
ÓÖÓÐÐ ÖÝ 75º Let (ADJ) hold and let S = ((X, α, A)
Ä ÑÑ 76º Let (ADJ), (EEMSCB), (CPRD) hold and let S = ((X, α, A) On the next step we proceed to obtaining (Epi, ExtrMono-Source)-factorizations in the category Gl(U ).
ÈÖÓÔÓ× Ø ÓÒ 77º If (ADJ), (EEMSCB), (CPRD) and (EEMSCY) hold, then
Gl(U ) is an (Epi, ExtrMono-Source)-factorizable category. 
Then S is an extremal mono-source in Gl(U ) iff both (f i ) i∈I and (ϕ i ) i∈I are extremal monosources in Y and B respectively. P r o o f. By Lemma 76 it will be enough to show the necessity. Suppose that
) i∈I be an extremal mono-source in Gl(U ). By Theorem 46 the functor |−| is adjoint and therefore it preserves mono-sources. Thus both (f i ) i∈I and (ϕ i ) i∈I are mono-sources in the respective categories.
Show that the mono-source (f i ) i∈I is extremal. Let X , τ i ) ) i∈I • (e • e, ϕ) implies that e • e is an isomorphism and thus, e must be a section. Since e is also an epimorphisms it is an isomorphism. Notice the crucial difference that we are not interested in adjointness of the functor U any more. The next lemmas will be used in the forthcoming proofs. On the next step we obtain (ExtrEpi-Sink,Mono)-factorizations in Gl(U ).
ÈÖÓÔÓ× Ø ÓÒ 82º If the requirements (PM), (EESMCB), (PRD), (EESMCY)
hold, then the category Gl(U ) is (ExtrEpi-Sink, Mono)-factorizable. 
is an extremal epi-sink iff both (f i ) i∈I and (ϕ i ) i∈I are extremal epi-sinks in Y and B respectively. P r o o f. By Lemma 81 it is enough to show the necessity. Suppose that S = α, A) ) i∈I is an extremal epi-sink in Gl(U ). By Proposition 50 and the dual of [1, Proposition 18.3 ] the functor | − | is co-adjoint and therefore it preserves epi-sinks. It follows that both (f i ) i∈I and (ϕ i ) i∈I are episinks in the respective categories. Show that the epi-sink (f i ) i∈I is extremal. Let On the next step we show that the epi-sink (ϕ i ) i∈I is extremal. Let 
Conclusion: the nature of topological systems
In the paper we introduced topological theories over arbitrary varieties of algebras getting the category TopSys(T ), which generalizes the notion of topological system of S. Vickers [68] . It appears that TopSys(T ) is nothing else than the category (Gl(T op )) op obtained by Artin glueing along the respective topological theory. Motivated by the meta-mathematical problem of "embedding topology into algebra" suggested by Corollary 22, we investigated the conditions which guarantee algebraic nature of the category Gl(U ) for an adjoint functor B U − → Y. Since the notion of coalgebra acquired much importance recently, we presented the conditions for the respective property as well, incorporating the well-known description of Gl(U ) as the category of coalgebras for a particular comonad [69] . The obtained results applied to the category TopSys(T ) can be summarized as follows (recall that being a variety, the category A is both (Epi, Mono-Source)-and (Epi-Sink, Mono)-factorizable as well as has products). Notice that in case of X being the category Set × LoA, the above-mentioned factorization requirement is obviously satisfied, whereas for the product condition one needs the existence of coproducts in A. Not every variety enjoys the latter property, e.g., neither the category of complete Boolean algebras nor the category of complete lattices (with complete lattice homomorphisms as morphism) has small copowers [1, Exercise 10S]. The most interesting result, however, is provided by Theorem 87 confirming at last the algebraic nature of topological systems. On the other hand, Theorem 86 together with Corollary 22 give rise to a meta-mathematical statement saying that "topology can be embedded into coalgebra". That poses the question on the real nature of topological systems.
Ì ÓÖ Ñ 85º
ÈÖÓ Ð Ñ 89º
What is the best description of topological systems: as an algebraic or as a coalgebraic category?
The reader should be aware that all results obtained in this paper are based on a crucial assumption that the respective topological theory is a co-adjoint functor. As was already mentioned, even powerset operators do not always enjoy the property. In fact the following problem can be risen.
ÈÖÓ Ð Ñ 90º
What are the necessary and sufficient conditions for generalized powerset operators to be co-adjoint?
Moreover, since recently we have provided sufficient conditions for particular instances of TopSys(T ) to be algebraic categories without any requirement of co-adjointness of the respective theory, the following problem can be posed.
ÈÖÓ Ð Ñ 91º
Is it possible to obtain (co)algebraic nature of TopSys(T ) without the assumption of co-adjointness of the respective functor T ?
